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ABSTRACT
We present spectral and photometric observations of 10 Type Ia supernovae (SNe Ia) in the redshift

range 0.16 ¹ z ¹ 0.62. The luminosity distances of these objects are determined by methods that employ
relations between SN Ia luminosity and light curve shape. Combined with previous data from our
High-z Supernova Search Team and recent results by Riess et al., this expanded set of 16 high-redshift
supernovae and a set of 34 nearby supernovae are used to place constraints on the following cosmo-
logical parameters : the Hubble constant the mass density the cosmological constant (i.e., the(H0), ()

M
),

vacuum energy density, the deceleration parameter and the dynamical age of the universe)"), (q0), (t0).
The distances of the high-redshift SNe Ia are, on average, 10%È15% farther than expected in a low mass
density universe without a cosmological constant. Di†erent light curve Ðtting methods, SN Ia()

M
\ 0.2)

subsamples, and prior constraints unanimously favor eternally expanding models with positive cosmo-
logical constant (i.e., and a current acceleration of the expansion (i.e., With no prior)" [ 0) q0 \ 0).
constraint on mass density other than the spectroscopically conÐrmed SNe Ia are statistically)

M
º 0,

consistent with at the 2.8 p and 3.9 p conÐdence levels, and with at the 3.0 p and 4.0 pq0 \ 0 )" [ 0
conÐdence levels, for two di†erent Ðtting methods, respectively. Fixing a ““ minimal ÏÏ mass density, )

M
\

results in the weakest detection, at the 3.0 p conÐdence level from one of the two methods.0.2, )" [ 0
For a Ñat universe prior the spectroscopically conÐrmed SNe Ia require at 7 p()

M
] )" \ 1), )" [ 0

and 9 p formal statistical signiÐcance for the two di†erent Ðtting methods. A universe closed by ordinary
matter (i.e., is formally ruled out at the 7 p to 8 p conÐdence level for the two di†erent Ðtting)

M
\ 1)

methods. We estimate the dynamical age of the universe to be 14.2 ^ 1.7 Gyr including systematic uncer-
tainties in the current Cepheid distance scale. We estimate the likely e†ect of several sources of system-
atic error, including progenitor and metallicity evolution, extinction, sample selection bias, local
perturbations in the expansion rate, gravitational lensing, and sample contamination. Presently, none of
these e†ects appear to reconcile the data with and)" \ 0 q0 º 0.
Key words : cosmology : observations È supernovae : general
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1. INTRODUCTION

This paper reports observations of 10 new high-redshift
Type Ia supernovae (SNe Ia) and the values of the cosmo-
logical parameters derived from them. Together with the
four high-redshift supernovae previously reported by our
High-z Supernova Search Team et al.(Schmidt 1998 ;

et al. and two others et al.Garnavich 1998a) (Riess 1998b),
the sample of 16 is now large enough to yield interesting
cosmological results of high statistical signiÐcance. Con-
Ðdence in these results depends not on increasing the
sample size but on improving our understanding of system-
atic uncertainties.

The time evolution of the cosmic scale factor depends on
the composition of mass-energy in the universe. While the
universe is known to contain a signiÐcant amount of ordi-
nary matter, which decelerates the expansion, its)

M
,

dynamics may also be signiÐcantly a†ected by more exotic
forms of energy. Preeminent among these is a possible
energy of the vacuum EinsteinÏs ““ cosmological con-()"),

1009



THE ASTROPHYSICAL JOURNAL, 517 :565È586, 1999 June 1
1999. The American Astronomical Society. All rights reserved. Printed in U.S.A.(

MEASUREMENTS OF ) AND " FROM 42 HIGH-REDSHIFT SUPERNOVAE
S. PERLMUTTER,1 G. ALDERING, G. GOLDHABER,1 R. A. KNOP, P. NUGENT, P. G. CASTRO,2 S. DEUSTUA, S. FABBRO,3

A. GOOBAR,4 D. E. GROOM, I. M. HOOK,5 A. G. KIM,1,6 M. Y. KIM, J. C. LEE,7 N. J. NUNES,2 R. PAIN,3
C. R. PENNYPACKER,8 AND R. QUIMBY

Institute for Nuclear and Particle Astrophysics, E. O. Lawrence Berkeley National Laboratory, Berkeley, CA 94720

C. LIDMAN

European Southern Observatory, La Silla, Chile

R. S. ELLIS, M. IRWIN, AND R. G. MCMAHON

Institute of Astronomy, Cambridge, England, UK

P. RUIZ-LAPUENTE

Department of Astronomy, University of Barcelona, Barcelona, Spain

N. WALTON

Isaac Newton Group, La Palma, Spain

B. SCHAEFER

Department of Astronomy, Yale University, New Haven, CT

B. J. BOYLE

Anglo-Australian Observatory, Sydney, Australia

A. V FILIPPENKO AND T. MATHESON

Department of Astronomy, University of California, Berkeley, CA

A. S. FRUCHTER AND N. PANAGIA9
Space Telescope Science Institute, Baltimore, MD

H. J. M. NEWBERG

Fermi National Laboratory, Batavia, IL

AND

W. J. COUCH

University of New South Wales, Sydney, Australia

(THE SUPERNOVA COSMOLOGY PROJECT)
Received 1998 September 8 ; accepted 1998 December 17

ABSTRACT
We report measurements of the mass density, and cosmological-constant energy density, of)

M
, )",

the universe based on the analysis of 42 type Ia supernovae discovered by the Supernova Cosmology
Project. The magnitude-redshift data for these supernovae, at redshifts between 0.18 and 0.83, are Ðtted
jointly with a set of supernovae from the Supernova Survey, at redshifts below 0.1, to yieldCala" n/Tololo
values for the cosmological parameters. All supernova peak magnitudes are standardized using a SN Ia
light-curve width-luminosity relation. The measurement yields a joint probability distribution of the
cosmological parameters that is approximated by the relation in the region0.8)

M
[ 0.6)" B [0.2 ^ 0.1

of interest For a Ñat cosmology we Ðnd (1 p statistical)()
M

[ 1.5). ()
M

] )" \ 1) )
M
flat \ 0.28~0.08`0.09 ~0.04`0.05

(identiÐed systematics). The data are strongly inconsistent with a " \ 0 Ñat cosmology, the simplest
inÑationary universe model. An open, " \ 0 cosmology also does not Ðt the data well : the data indicate
that the cosmological constant is nonzero and positive, with a conÐdence of P(" [ 0) \ 99%, including
the identiÐed systematic uncertainties. The best-Ðt age of the universe relative to the Hubble time is

Gyr for a Ñat cosmology. The size of our sample allows us to perform a variety oft0flat \ 14.9~1.1`1.4(0.63/h)
statistical tests to check for possible systematic errors and biases. We Ðnd no signiÐcant di†erences in
either the host reddening distribution or Malmquist bias between the low-redshift sampleCala" n/Tololo
and our high-redshift sample. Excluding those few supernovae that are outliers in color excess or Ðt
residual does not signiÐcantly change the results. The conclusions are also robust whether or not a
width-luminosity relation is used to standardize the supernova peak magnitudes. We discuss and con-
strain, where possible, hypothetical alternatives to a cosmological constant.
Subject headings : cosmology : observations È distance scale È supernovae : general
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ABSTRACT

We have discovered 16 Type Ia supernovae (SNe Ia) with the Hubble Space Telescope (HST ) and have used
them to provide the first conclusive evidence for cosmic deceleration that preceded the current epoch of cosmic
acceleration. These objects, discovered during the course of the GOODS ACS Treasury program, include 6 of the
7 highest redshift SNe Ia known, all at z > 1:25, and populate the Hubble diagram in unexplored territory. The
luminosity distances to these objects and to 170 previously reported SNe Ia have been determined using
empirical relations between light-curve shape and luminosity. A purely kinematic interpretation of the SN Ia
sample provides evidence at the greater than 99% confidence level for a transition from deceleration to accel-
eration or, similarly, strong evidence for a cosmic jerk. Using a simple model of the expansion history, the
transition between the two epochs is constrained to be at z ¼ 0:46 " 0:13. The data are consistent with the
cosmic concordance model of !M # 0:3; !" # 0:7 (!2

dof ¼ 1:06) and are inconsistent with a simple model of
evolution or dust as an alternative to dark energy. For a flat universe with a cosmological constant, we measure
!M ¼ 0:29"0:05

0:03 (equivalently, !" ¼ 0:71). When combined with external flat-universe constraints, including the
cosmic microwave background and large-scale structure, we find w ¼ $1:02"0:13

0:19 (and w < $0:76 at the 95%
confidence level) for an assumed static equation of state of dark energy, P ¼ w"c2. Joint constraints on both the
recent equation of state of dark energy, w0, and its time evolution, dw=dz, are a factor of %8 more precise than
the first estimates and twice as precise as those without the SNe Ia discovered with HST. Our constraints
are consistent with the static nature of and value of w expected for a cosmological constant (i.e., w0 ¼ $1:0,
dw=dz ¼ 0) and are inconsistent with very rapid evolution of dark energy. We address consequences of evolving
dark energy for the fate of the universe.

Subject headings: cosmology: observations — distance scale — galaxies: distances and redshifts —
supernovae: general

On-line material: machine-readable tables

1. INTRODUCTION

Observations of Type Ia supernovae (SNe Ia) at redshift
z < 1 provide startling and puzzling evidence that the ex-
pansion of the universe at the present time appears to be
accelerating, behavior attributed to ‘‘dark energy’’ with neg-
ative pressure (Riess et al., 1998; Perlmutter et al. 1999; for
reviews, see Riess 2000; Filippenko 2001, 2004; Leibundgut
2001). Direct evidence comes from the apparent faintness of
SNe Ia at z # 0:5: Recently expanded samples of SNe Ia have

reinforced the statistical significance of this result (Knop et al.
2003), while others have also extended the SN Ia sample to
z # 1 (Tonry et al. 2003; Barris et al. 2004). Observations of
large-scale structure (LSS), when combined with measure-
ments of the characteristic angular size of fluctuations in the
cosmic microwave background (CMB), provide independent
(although indirect) evidence for a dark energy component (e.g.,
Spergel et al. 2003). An independent, albeit more tentative,
investigation via the integrated Sachs-Wolfe (ISW) effect also
provides evidence for dark energy (Scranton et al. 2003). The
magnitude of the observed acceleration was not anticipated by
theory and continues to defy a post facto explanation. Candi-
dates for the dark energy include Einstein’s cosmological
constant " (with a phenomenally small value), evolving scalar
fields (modern cousins of the inflation field; Caldwell et al.
1998; Peebles & Ratra 2003), and a weakening of gravity in
our 3þ 1 dimensions by leaking into the higher dimensions
required in string theories (Deffayet et al. 2002). These expla-
nations bear so greatly on fundamental physics that observers
have been stimulated to make extraordinary efforts to con-
firm the initial results on dark energy, test possible sources
of error, and extend our empirical knowledge of this newly
discovered component of the universe.

Astrophysical effects could imitate the direct evidence from
SNe Ia for an accelerating universe. A pervasive screen of

1 Based on observations with the NASA/ESA Hubble Space Telescope,
obtained at the Space Telescope Science Institute, which is operated by AURA,
Inc., under NASA contract NAS5-26555.

2 Space Telescope Science Institute, 3700 San Martin Drive, Baltimore,
MD 21218.

3 Institute for Astronomy, University of Hawaii, 2680 Woodlawn Drive,
Honolulu, HI 96822.

4 Harvard-Smithsonian Center for Astrophysics, 60 Garden Street,
Cambridge, MA 02138.

5 Department of Astronomy, 601 Campbell Hall, University of California,
Berkeley, CA 94720-3411.

6 European Southern Observatory, Karl-Schwarzschild-Strasse 2, D-85748
Garching, Germany.

7 Department of Astronomy, 105-24, California Institute of Technology,
Pasadena, CA 91125.

8 Department of Physics and Astronomy, Johns Hopkins University,
Baltimore, MD 21218.
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0:19 (and w < $0:76 at the 95%
confidence level) for an assumed static equation of state of dark energy, P ¼ w"c2. Joint constraints on both the
recent equation of state of dark energy, w0, and its time evolution, dw=dz, are a factor of %8 more precise than
the first estimates and twice as precise as those without the SNe Ia discovered with HST. Our constraints
are consistent with the static nature of and value of w expected for a cosmological constant (i.e., w0 ¼ $1:0,
dw=dz ¼ 0) and are inconsistent with very rapid evolution of dark energy. We address consequences of evolving
dark energy for the fate of the universe.
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Observations of Type Ia supernovae (SNe Ia) at redshift
z < 1 provide startling and puzzling evidence that the ex-
pansion of the universe at the present time appears to be
accelerating, behavior attributed to ‘‘dark energy’’ with neg-
ative pressure (Riess et al., 1998; Perlmutter et al. 1999; for
reviews, see Riess 2000; Filippenko 2001, 2004; Leibundgut
2001). Direct evidence comes from the apparent faintness of
SNe Ia at z # 0:5: Recently expanded samples of SNe Ia have

reinforced the statistical significance of this result (Knop et al.
2003), while others have also extended the SN Ia sample to
z # 1 (Tonry et al. 2003; Barris et al. 2004). Observations of
large-scale structure (LSS), when combined with measure-
ments of the characteristic angular size of fluctuations in the
cosmic microwave background (CMB), provide independent
(although indirect) evidence for a dark energy component (e.g.,
Spergel et al. 2003). An independent, albeit more tentative,
investigation via the integrated Sachs-Wolfe (ISW) effect also
provides evidence for dark energy (Scranton et al. 2003). The
magnitude of the observed acceleration was not anticipated by
theory and continues to defy a post facto explanation. Candi-
dates for the dark energy include Einstein’s cosmological
constant " (with a phenomenally small value), evolving scalar
fields (modern cousins of the inflation field; Caldwell et al.
1998; Peebles & Ratra 2003), and a weakening of gravity in
our 3þ 1 dimensions by leaking into the higher dimensions
required in string theories (Deffayet et al. 2002). These expla-
nations bear so greatly on fundamental physics that observers
have been stimulated to make extraordinary efforts to con-
firm the initial results on dark energy, test possible sources
of error, and extend our empirical knowledge of this newly
discovered component of the universe.

Astrophysical effects could imitate the direct evidence from
SNe Ia for an accelerating universe. A pervasive screen of

1 Based on observations with the NASA/ESA Hubble Space Telescope,
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−0.039(sys)

WMAP

w = 1/3 w = 0 w < −1/3

w = −0.969+0.059
−0.063(stat)+0.063

−0.066(sys) [Union]

w = −x.xxx+0.077
−0.077(stat)+0.071

−0.071(sys) [SNLS]
(Guy, Conley: Talk at TEXAS 2008 on Dec 09, 2008)



Seeking Temporal Evolution of “w”

1. Parametrize w(z)           [Adopted by DETF]

 Chevallier and Polarski 2001, Linder 2003

2. Principal Component Analysis
 Huterer and  Starkman 2003 

3. Uncorrelated Estimates of w(z)
 Huterer and Cooray 2005

w(z) = w0 + waz/(1 + z)



D.S., S. Sullivan, S. Joudaki, A. Amblard, D. Holz, and A. Cooray, PRL 100, 241302 (2008)

Going Model-Independent: The Future! 

w zup
w1 0.07

w2 0.15

w3 0.3

w4 0.6

w5 1.2

w6 1.8

H(z) = H0

[
Ωm (1 + z)3 + Ωk (1 + z)2 + (1− Ωm − Ωk)F (z)

]1/2

F (zn > z > zn−1) = (1 + z)3(1+wn)
n−1∏

i=0

(1 + zi)3(wi−wi+1)



3 or More!

D.S., S. Sullivan, S. Joudaki, A. Amblard, D. Holz, and A. Cooray, PRL 100, 241302 (2008)

Going Model-Independent: The Future! 

w zup
w1 0.07

w2 0.15

w3 0.3

w4 0.6

w5 1.2

w6 1.8

H(z) = H0

[
Ωm (1 + z)3 + Ωk (1 + z)2 + (1− Ωm − Ωk)F (z)

]1/2

F (zn > z > zn−1) = (1 + z)3(1+wn)
n−1∏

i=0

(1 + zi)3(wi−wi+1)
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Influence of Gravitational Lensing?

Credit: 
S. Colombi (IAP), 

CFHT Team



Influence of Gravitational Lensing?

Fobs,lensed(z, n̂) = µ(z, n̂)Fobs,true(z)

Credit: 
S. Colombi (IAP), 

CFHT Team



Influence of Gravitational Lensing?

Fobs,lensed(z, n̂) = µ(z, n̂)Fobs,true(z)

Credit: 
S. Colombi (IAP), 

CFHT Team



Influence of Gravitational Lensing?

Fobs,lensed(z, n̂) = µ(z, n̂)Fobs,true(z)

Weak lensing can modify the SNa flux & bias estimates of w

Credit: 
S. Colombi (IAP), 

CFHT Team
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Two Supernova Populations

Scannapieco and Bildsten
(2005)

Also:
Hamuy et al. (1995)

Livio (2000)

SNRIa(t)
(100yr)−1

= B

[
Ṁ∗(t)

1010M◦Gyr−1

]
+ A

[
M∗(t)

1010M◦

]



Howell et al. 2007
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Θ(n̂) ≡ ∆T (n̂)
T

=
∑

lm

ΘlmY m
l (n̂)



Credit: NASA/WMAP Science Team

Θ(n̂) ≡ ∆T (n̂)
T

=
∑

lm

ΘlmY m
l (n̂)

〈ΘlmΘl′m′〉 = δl,l′δm,m′CΘΘ
l



Credit: NASA/WMAP Science Team

Θ(n̂) ≡ ∆T (n̂)
T

=
∑

lm

ΘlmY m
l (n̂)

〈ΘlmΘl′m′〉 = δl,l′δm,m′CΘΘ
l

〈Θl1m1Θl2m2Θl3m3〉 =
(

l1 l2 l3
m1 m2 m3

)
BΘ

l1l2l3
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Primordial non-Gaussianity

Primary CMB Bispectrum

Gaussian Quantum Fluctuation

Non-Gaussian Inflation Fluctuation

Non-Gaussian Curvature Perturbation

Non-Gaussian CMB Anisotropy



Primordial non-Gaussianity

Primary CMB Bispectrum

∆T (x)
T

∼ Φ(x)

Φ(x) = ΦL(x) + fNL

[
Φ2

L(x) − 〈Φ2
L(x)〉

]

Non-Linear Coupling Parameter

Measurement of non-Gaussian CMB anisotropies can potentially 
constrain non-linearity, “slow-rollness”, and “adiabaticity” in inflation.



Primordial non-Gaussianity

Primary CMB Bispectrum

Non-Gaussianity from the simplest inflation model is very small:

Much higher level of primordial non-Gaussianity is predicted by:

 Models with Multiple Scalar Fields
 Non-Adiabatic Fluctuations
 Features in the Inflation Potential
 Non-Canonical Kinetic Terms
 ...

Review: N. Bartolo, E. Komatsu, S. Matarrese, and A. Riotto, Phys. Rep. 402, 103 (2004)

fNL ∼ 0.01− 1



Evidence of Primordial Non-Gaussianity (fNL) in the Wilkinson Microwave Anisotropy Probe
3-Year Data at 2:8!

Amit P. S. Yadav1 and Benjamin D. Wandelt1,2

1Department of Astronomy, University of Illinois at Urbana-Champaign, 1002 W. Green Street, Urbana, Illinois 61801, USA
2Department of Physics, University of Illinois at Urbana-Champaign, 1110 W. Green Street, Urbana, Illinois 61801, USA

(Received 7 December 2007; revised manuscript received 6 March 2008; published 7 May 2008)

We present evidence for primordial non-Gaussianity of the local type (fNL) in the temperature
anisotropy of the cosmic microwave background. Analyzing the bispectrum of the Wilkinson
Microwave Anisotropy Probe 3-year data up to ‘max ! 750 we find 27< fNL < 147 (95% C.L.). This
amounts to a rejection of fNL ! 0 at 2:8!, disfavoring canonical single-field slow-roll inflation. The
signal is robust to variations in lmax, frequency and masks. No known foreground, instrument systematic,
or secondary anisotropy explains it. We explore the impact of several analysis choices on the quoted
significance and find 2:5! to be conservative.

DOI: 10.1103/PhysRevLett.100.181301 PACS numbers: 98.70.Vc, 98.80.Es

It is now widely accepted that tests of primordial non-
Gaussianity, parameterized by the nonlinearity parameter
fNL, promise to be a unique probe of the early Universe [1].
Although the non-Gaussianity from the simplest inflation
models is very small, fNL " 0:01# 1 [2–4], there is a very
large class of more general models, e.g., models with
multiple scalar fields, features in inflation potential, non-
adiabatic fluctuations, noncanonical kinetic terms, devia-
tions from the Bunch-Davies vacuum, among others, that
predict substantially higher level of primordial non-
Gaussianity (see [5] for a review).

Recent calculations of the perturbations arising in the
ekpyrotic or cyclic cosmological scenarios [6] have con-
cluded that these scenarios can predict fNL much larger
than single-field slow-roll inflation [7]. Detailed calcula-
tions in these models are fraught with difficulties con-
nected to matching the perturbations through the
cosmological singularity at the bounce. However, current
calculations suggest that primordial non-Gaussianity of the
fNL type could be a powerful discriminant between ekpyr-
otic models and standard slow-roll inflation. As such, the
search for primordial non-Gaussianity is complementary to
the search for the inflationary gravitational wave back-
ground. We will argue in this letter that the WMAP 3-
year data already distinguishes fNL ! 100 from fNL " 0 at
a statistically significant level.

Primordial non-Gaussianity can be described in terms of
the 3-point correlation function of Bardeen’s curvature
perturbations, !$k%, in Fourier space:

 h!$k1%$k2%$k3%i ! $2"%3#3$k1 & k2 & k3%F$k1; k2; k3%:
(1)

Depending on the shape of the 3-point function, non-
Gaussianity can be broadly classified into two classes [8].
First, the local, ‘‘squeezed’’, non-Gaussianity where
F$k1; k2; k3% is large for the configurations in which k1 '
k2, k3. Second, the nonlocal, ‘‘equilateral’’, non-

Gaussianity where F$k1; k2; k3% is large for the configura-
tion when k1 " k2 " k3.

The local form arises from a nonlinear relation between
inflaton and curvature perturbations [2,3], curvaton models
[9], or the ekpyrotic models [7]. The equilateral form arises
from noncanonical kinetic terms such as the Dirac-Born-
Infeld action [10], the ghost condensation [11], or any
other single-field models in which the scalar field acquires
a low speed of sound [12]. While we focus on the local
form in this letter, it is straightforward to repeat our analy-
sis for the equilateral form.

The local form of non-Gaussianity may be parametrized
in real space as [1,3,13]

 !$r% ! !L$r% & fNL$!2
L$r% # h!2

L$r%i%; (2)

where fNL characterizes the amplitude of primordial non-
Gaussianity. Note that the Newtonian potential has the
opposite sign of Bardeen’s curvature perturbation, !.

The first fast bispectrum based fNL estimator using
temperature anisotropies alone was introduced in [14].
The idea of adding a linear term to reduce excess variance
due to noise inhomogeneity followed in [15]. Applied to
the WMAP 3-year data up to ‘max " 400 this estimator has
yielded the tightest constraint on fNL so far: #36< fNL <
100 (2!) [16]. This estimator was generalized to utilize
both the temperature and E-polarization information in
[17], where we pointed out that the linear term had been
incorrectly implemented in Eq. (30) of [15]. The corrected
estimator enables us to analyze the entire WMAP data
without suffering from a blowup in the variance at high ‘.

Our analysis.—We assume a standard Lambda cold dark
matter (CDM) cosmology with following cosmological
parameters: "b ! 0:042, "cdm ! 0:239, "# ! 0:719,
h ! 0:73, $ ! 0:09, and ns ! 1. We will discuss the effect
of varying these fiducial parameters below.

We used the generalized bispectrum estimator of pri-
mordial non-Gaussianity of local type described in [17].

PRL 100, 181301 (2008) P H Y S I C A L R E V I E W L E T T E R S week ending
9 MAY 2008
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FIVE-YEAR WILKINSON MICROWAVE ANISOTROPY PROBE (WMAP1) OBSERVATIONS:
COSMOLOGICAL INTERPRETATION

E. Komatsu 1, J. Dunkley 2,3,4, M. R. Nolta 5, C. L. Bennett 6, B. Gold 6, G. Hinshaw 7, N. Jarosik 2, D. Larson
6, M. Limon 8 L. Page 2, D. N. Spergel 3,9, M. Halpern 10, R. S. Hill 11, A. Kogut 7, S. S. Meyer 12, G. S. Tucker

13, J. L. Weiland 10, E. Wollack 7, and E. L. Wright 14

Submitted to the Astrophysical Journal Supplement Series

ABSTRACT

The WMAP 5-year data provide stringent limits on deviations from the minimal, 6-parameter
ΛCDM model. We report these limits and use them to constrain the physics of cosmic inflation
via Gaussianity, adiabaticity, the power spectrum of primordial fluctuations, gravitational waves,
and spatial curvature. We also constrain models of dark energy via its equation of state, parity-
violating interaction, and neutrino properties such as mass and the number of species. We detect
no convincing deviations from the minimal model. The 6 parameters and the corresponding 68%
uncertainties, derived from the WMAP data combined with the distance measurements from the
Type Ia supernovae (SN) and the Baryon Acoustic Oscillations (BAO) in the distribution of galaxies,
are: Ωbh2 = 0.02265 ± 0.00059, Ωch2 = 0.1143 ± 0.0034, ΩΛ = 0.721 ± 0.015, ns = 0.960+0.014

−0.013,

τ = 0.084 ± 0.016, and ∆2
R = (2.457+0.092

−0.093) × 10−9 at k = 0.002 Mpc−1. From these we derive
σ8 = 0.817 ± 0.026, H0 = 70.1 ± 1.3 km s−1 Mpc−1, Ωb = 0.0462 ± 0.0015, Ωc = 0.233 ± 0.013,
Ωmh2 = 0.1369 ± 0.0037, zreion = 10.8 ± 1.4, and t0 = 13.73 ± 0.12 Gyr. With the WMAP data
combined with BAO and SN, we find the limit on the tensor-to-scalar ratio of r < 0.20 (95% CL),
and that ns > 1 is disfavored even when gravitational waves are included, which constrains the
models of inflation that can produce significant gravitational waves, such as chaotic or power-law
inflation models, or a blue spectrum, such as hybrid inflation models. We obtain tight, simultaneous
limits on the (constant) equation of state of dark energy and the spatial curvature of the universe:
−0.11 < 1+w < 0.14 (95% CL) and −0.0175 < Ωk < 0.0085 (95% CL). We provide a set of “WMAP

distance priors,” to test a variety of dark energy models with spatial curvature. We test a time-
dependent w with a present value constrained as −0.38 < 1 + w0 < 0.14 (95% CL). Temperature
and dark matter fluctuations are found to obey the adiabatic relation to within 8.6% and 2.0%
for the axion-type and curvaton-type dark matter, respectively. The power spectra of TB and EB
correlations constrain a parity-violating interaction, which rotates the polarization angle and converts
E to B. The polarization angle could not be rotated more than −5.9◦ < ∆α < 2.4◦ (95% CL) between
the decoupling and the present epoch. We find the limit on the total mass of massive neutrinos of
∑

mν < 0.61 eV (95% CL), which is free from the uncertainty in the normalization of the large-
scale structure data. The number of relativistic degrees of freedom, expressed in units of the effective
number of neutrino species, is constrained as Neff = 4.4±1.5 (68%), consistent with the standard value
of 3.04. Finally, quantitative limits on physically motivated primordial non-Gaussianity parameters
are −9 < f local

NL < 111 (95% CL) and −151 < f equil
NL < 253 (95% CL) for the local and equilateral

models, respectively.
Subject headings: cosmic microwave background, cosmology: observations, early universe, dark matter,

space vehicles, space vehicles: instruments, instrumentation: detectors, telescopes
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Journey Through the “Clumpy” Universe

Weak 
Gravitational Lensing: 
                    Bending of light

Credit: 
S. Colombi (IAP), 

CFHT Team



Weak Lensing of the Primary Bispectrum

Credit: Vale, Amblard, White (2004) NASA, ESA, and R. Massey (CalTech) Credit: Vale, Amblard, White (2004)
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Credit: Vale, Amblard, White (2004) NASA, ESA, and R. Massey (CalTech) Credit: Vale, Amblard, White (2004)



Weak Lensing of the Primary Bispectrum

Credit: Vale, Amblard, White (2004) NASA, ESA, and R. Massey (CalTech) Credit: Vale, Amblard, White (2004)

Θ̃(n̂) = Θ [n̂ + α̂]



Weak Lensing of the Primary Bispectrum

Credit: Vale, Amblard, White (2004) NASA, ESA, and R. Massey (CalTech) Credit: Vale, Amblard, White (2004)

Θ̃(n̂) = Θ [n̂ + α̂]
= Θ [n̂ +∇φ(n̂)]



Weak Lensing of the Primary Bispectrum

Credit: Vale, Amblard, White (2004) NASA, ESA, and R. Massey (CalTech) Credit: Vale, Amblard, White (2004)

Θ̃(n̂) = Θ [n̂ + α̂]
= Θ [n̂ +∇φ(n̂)]

+
1
2
∇iφ(n̂)∇jφ(n̂)∇i∇jΘ(n̂)

≈ Θ(n̂) +∇iφ(n̂)∇iΘ(n̂)



Weak Lensing of the Primary Bispectrum

Credit: Vale, Amblard, White (2004) NASA, ESA, and R. Massey (CalTech) Credit: Vale, Amblard, White (2004)

B̃Θ
l1l2l3 =

∑

m1m2m3

(
l1 l2 l3
m1 m2 m3

)
〈Θ̃l1m1Θ̃l2m2Θ̃l3m3〉

Θ̃(n̂) = Θ [n̂ + α̂]
= Θ [n̂ +∇φ(n̂)]

+
1
2
∇iφ(n̂)∇jφ(n̂)∇i∇jΘ(n̂)

≈ Θ(n̂) +∇iφ(n̂)∇iΘ(n̂)



The Effect of Lensing on the Bispectrum

A. Cooray, D. Sarkar, and P. Serra; Phys. Rev. D, 77,  123006 (2008)
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A. Cooray, D. Sarkar, and P. Serra; Phys. Rev. D, 77,  123006 (2008)

Reduction in the S/N due to Lensing
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A. Cooray, D. Sarkar, and P. Serra; Phys. Rev. D, 77,  123006 (2008)

Reduction in the S/N due to Lensing

0 500 1000 1500 2000 2500 3000

l
3

10
!4

10
!3

10
!2

[d
(S
/N
)2
/d
l 3
]1
/2

Primary (f
NL

=1)

Lensing

WMAP

Planck

(
S

N

)2

=
∑

l1l2l3

(
BΘ

l1l2l3

)2

6Ctot
l1

Ctot
l2

Ctot
l3



Bias in the non-Gaussian Parameter

A. Cooray, D. Sarkar, and P. Serra; Phys. Rev. D, 77,  123006 (2008)

∆f

f̂NL

≡ f true
NL − f̂NL

f̂NL
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